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For a fixed type II, factor L, let SF(L) denote the space of all subfactors of L 
equipped with the metric defined via the normalized trace on L. For M in SF(L), 
let [L : M] denote the index of M in L. In this note we study the behaviour of 
[L : M] as M varies. The main results are that [L : M] is lower semicontinuous in 
M but is not continuous. On the closed subset 
{MESF(L):M’~L=@I}, 
[L : M] is continuous in M and for any C< co, on the closed subset 
{MeSF(L): [L:M]<C) 
[L : M] is continuous in M. 0 1988 Academic Press, Inc. 
1. INTRODUCTION 
For a von Neumann algebra L which is a finite factor and a subfactor N 
of L there is a well-defined number [L : N] called the index of N in L 
which has been introduced by V. F. R. Jones in [Z]. The values of this 
index are restricted to the set [4, co] u (4 cos’(~/n): n = 3,4, . ..}. this and 
many other properties of the index were developed in [2]. Interest in the 
index is growing sparked partially by Jones’ discovery of a new invariant 
for knots in [3] using ideas from this study of the index. 
In this paper we study the behaviour of the index as the subfactor N 
varies. First, we consider the case where N is close to L and then we com- 
pare [L : N] to [L : M] for two subfactors A4 and N of L which are close. 
The topology on the set of subfactors of L, which is used, is the one 
introduced in [l] by E. Christensen. This topology is given by a metric d, 
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induced by the normalized trace on L. There are close connections between 
the index and this metric and to a large extent this paper involves a 
synthesis of the results of [ 1,2]. 
The strongest results are obtained when attention is restricted to subfac- 
tors with trivial relative cornmutant in L or when the index is bounded 
above. These form a closed subset of the metric space of all subfactors of L 
and the main theorems presented in Section 3 state that [L : N] varies con- 
tinuously as N varies among the subfactors with trivial relative cornmutant 
in L or over a set of bounded index. 
2. INDEX AND DISTANCE TO THE SUBFACTOR 
In this section a series of results relating the index of N in L to the 
distance of N from L are given. Throughout, L is type II, factor with 
normalized trace tr, and N is a subfactor of L. Let us recall the definition 
and some elementary properties of the index. 
If M is a finite factor acting on a Hilbert space H with M’ also finite and 
tr, (tr,,,,.) the normalized trace on M (M’), then the coupling constant 
dim,(H) is trM(E~‘)/tr,,,(E~), where 5 is a nonzero vector in H and Ep is 
the projection of H onto m (likewise for EF’). If L is acting on a Hilbert 
space H so that L’ is finite, then 
[L:N]= 
i 
dim,( H)/dim,( H), if N’ is finite 
a, if N’ is infinite. 
This definition is independent of the Hilbert space H. Let E, be the 
canonical conditional expectation of L onto N so that trL(EN(x)y) = 
trL(xy), for all x in L and y in N. Considering L as acting standardly on 
L2(L, trL), as in Section 3.1 of [2], let e,,, denote the extension of E, to a 
projection on L*(L, trL). Let (L, eN) denote the von Neumann algebra on 
L2(L, tr,) generated by L and eN and let J denote the canonical involution 
of L*(L, trL). 
LEMMA 1. With the above notation, 
(a) (L, eN) = JN’J, 
(b) N’ is finite if and only if (L, e,.+) is finite, 
(c) (L, e,,,) is always a semifinite factor and eN is a finite projec 
in it, and 
(d) [L : N] < CO if and only if (L, eiv) is finite; then 
trcL,,,>(eN) = JIL : NIP’ and [(L,e,):L]=[L:N]. 
-tion 
Proqf All these results are taken from Section 3.1 of [2]. 1 
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If A4 is another subfactor of L, then the distance of M from N, d(M, N), 
is defined as the Hausdorff distance between the unit balls, M, and N, 
respectively, of A4 and N using the I( . (I2 on L defined by tr,. That is, for x 
in L, 
IIxl12 =(tr&*x))“’ 
and 
LEMMA 2. For x in L, , the unit ball in L, EN(x) is the closest element of 
N, to x and d(N, L)‘> tr,[(x - EN(x))*(x- EN(X))]. 
ProoJ: This is so because EN(x) is the restriction to L of the orthogonal 
projection of L’(L, trL) onto the subspace determined by N. 1 
Let z = [L : N] ~ ‘. Then 0 d z d 1 and z takes no values in (t, 1). By 
Corollary 1.8 of [4], there exists a projection e, in L such that E,(e,,) = 72, 
where I is the identity in L. Let x = 2e, - 1, so EN(x) = (2t - 1) I. A simple 
calculation using x in Lemma 2 gives the following useful relation. 
LEMMA 3. d(N, L) 3 2[r( 1 -r)]“‘, where T = [L : N]-‘. 
By Lemma l(c), there exists a faithful normal semifinite trace $ on 
(L, eN) with $(eN) = 1. Let d= d(N, L) and let 
r = 21/4@( 1 _ 21/4&2) -1. 
LEMMA 4. If d(N, L) < $, then there exists a projection q in L’ n (L, e,) 
such that 
l+(q)- 1) <r2< 1. 
ProoJ This follows from formulas (9) and (10) of [l] and an easy 
computation to show that r2 < 1 if d< $. 1 
LEMMA 5. If d(N, L) < Q and N’ n L = CI, then (L, eN) and N’ are finite 
factors. 
ProoJ: Since J(W n L) J= L’ n (L, e,), the nonzero projection q of 
Lemma 4 must be Z. But q is finite in (L, eN). Thus, (L, eN) and N’ are 
finite factors. 1 
Suppose z = [L : N] -’ > 0, so N’ is finite and define 
t(e) = tr,(e) tr,(e), for all projections e in N’ n L. 
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LEMMA 6. If T > 0, then z < inf( t(e): e is a nonzero projection in N’ n L}. 
If d(N, L) < $, then there exists a minimal nonzero projection q in N’ n L 
such that T = t(q) and L, = N,. 
Proof For any nonzero projection e in N’ n L, by 2.2.1 of 121, 
T < T[L, : N,] = tr,(e) tr,,(e) = t(e). 
Since z > 0, N’ is finite so the I+? in Lemma 4 is given by 
t)(x) = tr,(Jx J)/tr,.(Je,J) 
= tr(,.,>(x)ltr<,.,,,(e,) 
= tr<L,eNj(d~Yc 
for all x in (L, e,), using Lemma l(d). If d(N, L) < t, then Lemma 4 gives 
a projection qO in L’ n (L, e,,,) such that )$(qO) - 11 < r*, where r is as in 
Lemma 4. Let q = JqJ, a projection in N’ n L. Then 
ItrJq) - ~1 < 5r2. 
Now, using 2.2.1 of [2] again, 
[L, : Ny] = 5-l trL(q) trN(q) d T ’ trN.(q) 
<r-‘(7+zr2)=1+r2<2, if d(N, L) < &. 
Therefore N,= L, and q is a minimal projection in N’ n L. Also 
[IL, : Ny] = 1 implies it = t(q). 1 
THEOREM 1. Let L be a type II, factor and N a subfactor of L with 
N’nL=@I. lfd(N,L)<$, then N=L. 
Proof: Lemma 4 implies that N’ is finite and thus z > 0. Since N’ n L is 
trivial, the nonzero projection q of Lemma 6 with L, = N, must be I. 
Therefore, L = N. 1 
Theorem 1 hints at the strong connections between the nature of the 
relative cornmutant N’ n L and d(N, L). We study these connections in the 
remainder of this section. 
THEOREM 2. Let L be a type II, factor and N a &factor of L. Let p be 
a projection in N’ n L such that trL(p) < 4. Then 
d(N, L) > (trL(p))li2. 
Proof. If p = 0, then the result holds. If p # 0, then p is equivalent in L 
to a subprojection of I-p. That is, there exists a partial isometry v in L 
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with uu* =p and v*u<Z-p. Let x=pv(Z-p) =pv. Then llxll = 1 and 
IIxl12 = (trAP)P*. 
For y in N, y =py + (I-p)y so trL(xY) =O. Thus EN(x) =0 and by 
Lemma 2. 
d(N, L) 2 IM2 = (trdp))“‘. I 
The result of Theorem 2 can certainly be improved if there is more 
detailed information. In particular, if there exists p in N’n L with 
trL(p) = 4, then Theorem 2 implies that d(N, L) > $/2. But a larger 
bound can be easily obtained. 
PROPOSITION 1. Zf there exists a p in N’ n L with trJp) = 4, then 
d( N, L) 2 J5/2. 
Proof. Now p is equivalent to Z-p in L so there exists a partial 
isometry v with vu* = p and v*v = Z-p. Let 
Q={x+o*xu:x~L~}zN. 
Since QP = L, and QClePJ = L+-pj, by Lemma 2.2.2 of [2] 
[L:Q]=4. 
Lemma 3 implies that 
3. CONTINUITY OF THE INDEX 
In this section L is a fixed II, factor acting standardly on L*(L, trL). Let 
SF(L) denote the set of all subfactors of L with the same identity and let 
SFT(L) denote the subset of SF(L) consisting of subfactors with trivial 
relative cornmutant in L. Then (SF(L), d) is a complete metric space and 
SFT(L) is a closed subset of SF(L), where d is the metric defined by tr, as 
in Section 2. For convenience of statements of results, define a map index 
from SF(L) to [I, co] by 
index(M) = [L : M], for all A4 in SF(L). 
As before E, denotes the conditional expectation of L onto a subfactor N. 
THEOREM 3. The map index is lower semicontinuous on SF(L). 
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Proof. Let M be an element of SF(L) and suppose {M, : n = 1,2, . ..} is 
a sequence in SF(T) converging to M. Let r = l/CL : M] and 
rn = l/[L : M,], for n = 1, 2, . . . . By 2.2 of [4], 
E,(x) 2 TX and E&(.X) 2 TnX, 
for all 
x20 inL and n=l,2,.... 
By the computation in the proof of Theorem 5.1 of [ 11, 
IIEA4,(x) - ~dx)ll* G 24Mw w”*~ for x in L with 11x/( < 1. 
Thus E,“(x) + E,(x) in the strong operator topology, for all x in L and 
E,“(x) > ‘s,x, for all n and for x b 0 in L, implies that 
EM(x) > (lim sup r,) x. 
Again, using 2.2 of [4], r 3 lim sup z,. Alternately, [L : M] < 
lim inf[L : M,]. So index is a lower semicontinuous function on SF(L). 1 
Unfortunately (perhaps) the index function is not continuous as we will 
now show. 
THEOREM 4. Let L be a II, factor and let M be any element of SF(L) 
which is a hyperjkite II, factor with index(M) < co. Then there exists a 
sequence {M,: n = 1,2, . ..} in SF(L) with M, c M, for each n and 
d(M,, M) -+ 0 but index(M,) -+ 00, as n -+ CO. 
Proof: We use the technique of the proof of Corollary 2.2.5 of [2]. For 
each natural number n choose a projection p(n) in M with 
trl(p(n)) = tr,(p(n)) = l/n. Then MpcnJ and M(,_,(,,,, are isomorphic via 
an isomorphism 8 of MpcnJ onto Mc,--p(n,). Let 
M, = {x + e(x): x E Mpcn,}, for each n. 
Then M, is a subfactor of M with 
[M : M,] = n’/(n - l), for each n. 
Thus, index(M,) = [L : M,] 2 [A4 : M,] -+ CO as n -+ CO. 
To see that M, + M, let x be any element of M with [Ix(I < 1. Then 
lb- U-p(n)) x(~-p(n))l12 
G lb - (I-An)) 412 + lItI-p(n)) x - (I-p(n)) x(1-p(n))ll, 
G 2 lIp(n) = 2/n”*. 
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Therefore, 
Similarly, 
d(M,, M~,-,~,,J d l/n’/*. 
Thus, 
d(M, M,) < 3/n’/* + 0, as n+co. 1 
The situation is much better if we restrict the index map to the closed 
subset SFT(L). Before stating the theorem, we need an elementary lemma. 
LEMMA 7. If M is an element of SF(L) with M’ n L finite dimensional, 
then M is a II, factor. 
Proof: If M is not type II,, then it is a type I, factor for some integer k. 
Let { uy : 1 < i, i < k} be partial isometries which constitute the matrix units 
of M. Then ui,, is a projection in M c L and L is a continuous von 
Neumann algebra, so there exist nonzero projections in L dominated by 
vi,, . If p is one such projection in L with p < vi,, , then let 
4(P)= i uj,l P”l,j. 
j=l 
Then q(p) is a nontrivial projection in M’n L. For any n, there are n 
orthogonal projections pl, . . . . pn dominated by ui,i, so q(pl), . . . . q(p,,) are 
orthogonal projections in M’ n L. This contradicts the finite dimensionality 
of M’ n L. Therefore, M is a II, factor. i 
THEOREM 5. The function index is continuous from SFT(L) into [ 1, co]. 
In fact the index is constant on a neighbourhood of any point in SFT(L). 
Proof: Fix M in SFT(L). If index(M) = co, then index is continuous at 
M since it is lower semicontinuous. So assume for the rest of the proof that 
index(M) is finite. 
Let E >O be such that E < 10e6 and suppose N is in SFT(L) with 
d(M, N) = E. By Lemma 7, both M and N are continuous von Neumann 
algebras so Theorem 4.6 of [l] can be invoked to produce a projection e 
in N with IIZ-eeJI,<2&“* and a homomorphism $ of N, into M with 
/1$(x) - xJIz < 80.5, for all x in the unit ball of N,. Let fi= N, + NoVC, and 
extend $ to a homomorphism of fi into M by setting +(I- e) = 0. Then, 
for x in fl with I/XII < 1, 
IIW)--xII2G IIIcl(ex)-exl12+ lb--II2 
< 808 + 2~ I’* < 3~ I/*. 
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Such a \cI is near to being a spatial isomorphism as is shown by another 
theorem of Christensen. With t = 3~ r/’ Theorem 3.1 of [l] states that there , 
exist projections p and q and a partial isometry v in (flu +(@)‘I c L, such 
that 
vv* =p is in iV, 
v*v=q is in if?(m)‘, 
III- vI(~ <6~“~, 
III-pllz < 3E”2, 
III- 4112 < 3E”2, 
and 
q+(x) = v*xv, for all x in Ri. 
Now p is in (N,)‘, so pe is a projection in 
L,n(N,)‘=(LnN’),=@e (1) 
by Lemma 2.1 of [S]. Thus, either pe = 0 or pe = e. The first alternative is 
impossible since tr,e > 1 -4~ and tr,pZ 1 - 9~ and E < 10-6. Therefore, 
p > e, which implies that px = x, for all x in N,. Thus, for x in N, 
v*xv = v*pxv = qv*xv = q+(x), 
Let f=+(e), H=eL’(L, tr,), and K=fL’(L, trL). Let w =vIH. Note that 
q <f, since q = v*ev = q$(e) = q$ Thus, w is a unitary map of H onto qK 
and x -+ qtj(x) is a spatial isomorphism of N, (acting on N) with q$(N,) 
(acting on qK). 
For this paragraph consider gI/(N,), L,, and A4/- as von Neumann 
algebras, containing the identity, acting on K. In particular, ($( N,))’ means 
the cornmutant of J/(N,) in B(K). Since the relative cornmutant of N, in L, 
is trivial and w*L,w = L, (with some abuse of notation), the relative com- 
mutant of qtj(N,) = w*N,w in L, is trivial as well. Using Lemma 2.1 of [ 51 
again, 
((We))’ n M,), s ((VW,))’ n LrL, = (qdW,)) n L, = @q. (21 
Hence, for any projection r in(+(N,))’ n Mf, either r > q or rq = 0. Let s be 
the intimum of those r in ($(N,))’ n M, which are greater than q. Clearly s 
is a minimal projection in (@(NJ)’ n M,. Therefore, 
(sll/(N,))’ n M, = @s 
64 MASHHOODANDTAYLOR 
and s$(Ne) is a subfactor of the type II, factor M,. The normalized trace 
tr, on MS is (tr,s)-’ tr, so the distance function d,( , ) on SF(M,) is 
d( , )/(trls)“‘. Therefore, 
The last inequality is obtained by using very crude estimates on each of the 
terms, noting in particular that s > q so tr,(l- s) < 10-j. Theorem 1 now 
implies that in fact s$(N,) = M,. Using Lemma 2.2.1 of [2] and the fact 
that q is in (s$(N,)) n L,y, 
[L:M] = [L,:M,] = [L,:s$(N,)]> [Ly:qlc/(N,)] = [L,:N,]= [L:N]. 
The second to last equality holds because the unitary w intertwines L, and 
N, with L, and q$(N,). The first and last equalities follow from 2.1.4 in 
[2]. Since the situation is symmetric in M and N, it follows that 
[L : M] = [L : N] if d(A4, N) < 10e6. This completes the proof. 1 
The final theorem shows that the type of discontinuity described in 
Theorem 4 is the only kind that occurs. For any C with 1 d C < co, let 
SFC(L)= {ME&SF(L): [L:M]dC}. 
Since index is a lower semicontinuous function, SF(L) is a closed subset 
of SF(L). 
THEOREM 6. For a fixed bound C with 1 d C < co, the map index is 
continuous from SF(L) into [1, C]. 
Proof The proof is almost exactly the same as the proof of Theorem 5 
except the E must be such that E < min{ 10-6, l/(104C)} and at the two 
spots in the proof where “trivial relative commutant” is used, (1) and (2), 
the arguments must be revised. 
With the notation as in the proof of Theorem 5, formula (1) no longer 
holds but it can still be shown that pe=e. First pe is still a nonzero 
projection in L, n (N,)‘. If e -pe # 0, then by Lemma 6, 
9s > tr,(e -pe) > tr,Je -pe) tr,(e) 
> tr,(e)/[L, : N,] = tr,(e)/[L : N] 3 tr,(e)/C, 
which contradicts l/C > 10s. Therefore, pe = e as before. 
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The argument leading up to formula (2) does not hold here, so (2) must 
be replaced by 
(HN,)’ n Mf), c (411/tN,))’ n M, = @4. 
The last equality holds because, if q1 is any nontrivial projection in 
(qll/(N,))’ n M, E (q$(N,))’ n L,, then by Lemma 6 again 
tr,(q,) 2 trLteYCL, : MN,)1 
= tr,(e)/[L, : N,] = tr,(e)/[L : N] 2 trL(e)/C. 
By Theorem 2, using dy( , ) = d( , )/(trLq)“2 for the distance function on 
M, (either q1 or Z-q, has trace <j), 
49bw,), MYI 2 (w”2. 
Thus, 
d(qll/(N,), MY) 2 loo[E(l - %)l”2 
> 158 I12. 
On the other hand, by calculating the distance from qt+!t(N,) to M, via 
$(N,), N,, N, and M one can easily obtain an estimate such as 
d(ql,/l(N,), MY) < 12E”2. 
This contradiction shows that (qtj(N,))’ n M, has no nontrivial projec- 
tions. Thus the important part of (2), that 
WWJ n Mf), = @q, 
still holds. 
The rest of the proof of Theorem 5 applies except the concluding line, 
which now states 
[L:M]=[L:N] if d(M, N) <min{ 10e6, 10--4C- ‘}. 1 
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